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The ambiguities of the root signs can be removed only after 
determining the signs of z, y, z in any particular example. The signs 
cannot be all positive or all negative, for that would make a, y, z 
equal to one another. Fora given value of a, there are two values of ¢ 
given by the relation #? + ¢-++ 2 =a; and for one of these values the 
signs before the radicals must be two positive and one negative, and 
for the other, one positive and two negative. For instance, when a = 2, 
t = 0, or ~ 1, and we have the obvious solution 

2 = 9 cos 2, or 2 cos 


4or 4or 
2 cos 9° or 2 cos 7? ie ek oo) 


~ 
i 


Sor Sor 
2cos—>s or 2cos ° 


Zz 


the sequence of signs being +, +,—; and +, —,—. 
4¢ +3 

He ye 
30 = 0, + 30°, + 60°; and in these cases the values of ¢ and a are 
as under: 


Since tan 39= t and consequently a are rational when 





6 | t | a 

3 99 
0 4 16 
10° 0 2 
omit, AUS Aa 
ae 2 4 
° u 23 

20 ? 7 
0° | f—n8 8. 


= ° 
The value 9 = 0, gives numerical values for 2, y, 2 When 9 = 10 ; 
q is equal to 2, and the values of «,y,z are otherwise obvious. Leaving 
out these two cases, we obtain the following results :— 








pat A cin 10 11 gry UE 4 
Sree epee En BHU + y sao (34) 
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—1-4sin50° 4/1 Z Fa eoieait. :4 (38) 





9 
. ° 
Se a 11 MaDe a A 138 
1+ 49 sing 38 _ ee dE (37) 





1 = £8 sin60" = Bi) 23 og oe - vee (38) 


1+ 448 sind0* +V¥8 44/2 a nj ae 


A eee (39) 
—1—9 3 sin 90° = —,/8 aS ears ws (40) 
—1—2N3sin40° = —,/8 + V8 AG eee we (AL) 
—1+23sin80°= +,/8— V8—v8 +... ve (42) 
6. Let us next consider the cyclic relations 
e=aty 4c ase EAs 
y=at: one oemlaas 
f=atu oA woe (45) 
wsatya ny sae) EGR 
and put ebtytety = t. ey re he 
Adding (43), (44), (45), (46), we have 
=4a+t#; “yy (48) 
multiplying 43), (44), (45), (46) by 2, y, 2, % respectively, and adding, 


we get 83 = dat + ay + yz + cu + uz 
=4at+(@t+d(y+u): ... wes (49) 
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multiplying [(43)— (45)] by [(44)— (46)], we have 
(x? — 27) (y? — u2) = (y — u) (s — 2). 
(2 + 2) (y tu) = —1, Ye ee tou) 


Hence s3 = 4at — 1. ay Are 18) 
From the above values of S, and sg, we find, 
Pa = 3 (t? —t — 4a) a pare 409) 
and ps = & (t? — 34? — 10at — 9). -» (58) 


‘If =f (€) = €*--¢ £3 + po E? — pg E+ ps = 0, 
is the equation whose roots are (x, y, z, «), then 


f (€? —a) = f(€).f(—£) oy we. (54) 


Let X, “& be the roots of £7 — € —a = 0, as before ; 
then, N+ uw=1 rt 
ca ne i va we (65) 
We easily see by (54) that f(— >) = f(— pv) = 1, 
that is, MP EXT + pk ped fim = 1 se (56) 
and Mette tp wit pet im = 1. so (OD) 


Subtracting (57) from (56) and dividing the result by (X% — yp), 
we obtain with the aid of (56), 


1+ 2a + ¢(1 + a) + po + pg = 0 wee (58) 
on substituting in (58) the values of ps, ps given by (52) and 53) 
we get, t+ 8¢ + 4 = 4at; 
that is, (¢ + 1)? —¢# + 4) = 4at, YF ... (69) 


which shows that a is a rational function of ¢. 
Eliminating pz from (56) and (57) and proceeding as in (58), we 


obtain 
a(1 + a) + at + ap, + pg = 1. w- (60) 


(52), (58), 60) give the co-efficients of f (€) in terms of a and ¢, 
With the help of (59), we can express the co-efficients in terms of ¢ 
alone, and then f () takes the form, 


2 : t®? + 947 + 5¢+ 8 
ge pgs ET ea Pats oh 


2 2 
»—- Cavers pe rere =0, ws (61) 
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Writing the above in the form (ao, a, Mas az a4) (E, iN ye 
we find, 
(42 + 4) (3¢ + 4) 


Hina es 


(¢ + 2) (¢2 + 4) 

32 , 
I = aoag— 4a,a3 + 8a9” 
_ @ +4) (+ 86 + Bt + 4) 





G= 


15 me 
2 2 2 
a __ ao" _ (te? + 4) (¢ + 2) (82 + 2¢ + 8) 
and 3H = rae at Gene ee (62) 
Hence Euler’s cubic is 
3 __ (2 + 4) (84 + 4) »? (+ 4) (¢ + 2) (32 + 2¢ + 8) 
16¢ 256t 
wert) (eas a) 


Since the roots of a cyclic quartic equations are free from cubic surds, 
the above cubic equation must have a rational root, and this is found to 
be (¢? + 4)/16, and the remaining two roots are given by the quadratic 

s_@ta@?+s, , +4) +9)? 
” Si 2 je Vb. 056 pet aka ee 


If the roots of the cubic (63) be denoted by ;, No, 9 3, where 


A+ 4 
1 Ig’ 
(¢+ 2) (2 + 4+ ave2+. hast 
Ly Phew Lo ig 2a uel Ae te wee (68) 
% an (ict SGP 4 ONE + 4) 
16¢ 
then the roots of the sel quartic (61) are found to be 
—<- : co Vy | = Vg — V3 
t 
y= > —M, + VQ, + V9 5 
ove eee (66) 


_ Vy, cole vy, + VMs 


4 
t 
4 
t 
47 vn, ans V). — Vs. 
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It is convenient to combine Vy, + Vy 3 under the radical sign thus’ 


uly Fle 5 Vy = V(M5 + 3 + 2V%.%,) 
=vjiteerts tia) ; 


and VM,— V5 = V(y, + M3 — 2°V%,%3) 


Aree wean ese 


we now obtain 











a oe 3 “a. ¥: 

de tt VFA + VY OE +9) (? ti -ve+a) } (67) 

ty = 1— Va + vf 249) (se Ve? + 1) i ee (2) 
142 

i =t+VPFd—V4 2649) (4 vA ci i) t 69) 


= 3 aed 
4u = t—VF+4—vi ot 2) (+4, vt? + 4) te eee (70) 


Mr. S. Ramanujan* has given a the value 5; and then from rela- 
tion (59 ) 
t2 + 8 + 4 = dat, 
t takes the values 4, YS — 2, and — V5 — 2; for the first two of these 
values, z is respectively equal to 


£{Q2+V5+ V15—6V5}, ... Sea can 


and }{V5—2 + V18—4V5 + V50 + 12¥5— 2965 — 20V5}; (79) 
also the signs of a, y, zw are +, +, +,—, in the first case, and 
+, +,—,—, so that (71) and (72) are the values of 





(e+ Vex Ve—cotay 





and 6 ae V |, te V5—(V5 + 2). 





* Vide, J. 1. M.S, Vol. VIl, page 240, 
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When a = 2, it is otherwise obvious that the three sets of values 


of 2, ys 2, % are 
167 


on An Sar 
9cos—~ 5 , 2 cos 15° 9 cos > 15’ 2 cos —— 5 : 
167 


on Sor 
2 cos a7) 2608 “7, 2 cos qq! 2008 aq 17 : 


67 127 24 oF 4877 
and 2 cos 7? 2008 7 1 2608 7 7 2008 7° 


The corresponding valu 2s of ¢ derived from the relation 
M+ 3t+4=4at, are l, aT and t, 





It is now easy to obtain,” 
cos oT = NIT —1 + V84—2VIT + BVEITH3V17 


17 
—. V¥170 + 38 V17} 


16 cos 7 = 417 — 1-=192—9 417+ 3 4417 FONT 


+V170 + 38V17} eo 


epee Sm 8 v7 1+ Vd 217 — 29 £17 43917 


— V170 + 38 V17 } 


16 pantie tea 
16 cos i = V17—1—V34—-2V17 —2V{11 +31 


+V170 + 88V17} ase 
6m _ oS 
16cos Fo = —VIT—1+ V84+ 2017 + AVE, — 3917 


+ V170 — 88 V17 } 


129% rire rc 
16 cos gee N17 — AA NIT te Yh 8 N17 
— V170 — 38 V17 } ee 

1Bcos ee me 17 Ngaae N17 
Roba —1+ 342017 —2V{17—3 917 


+V170—38V17} =... 


48-70 —__—____— 
16 cos —— = —V17 —1— V84 + 217 — 2V {17 —3V17 


Ls 
— V170 — 38 V17 } 


(73) 


(74) 


(75) 


(76) 


(77) 


(18) 


(79) 


(80) 


jeepney eae a a ee ee ee, ee ee ee 


* Cf. Hobson's Trigonometry, page 113; Klein's Famous Problems in 


Elementary Geometry, page 32, 
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7. We give below a simpler treatment of the system of equations 


a=aty = peel 43) 
yruate: n; we (44) 
e2=atu oun oad) 
ut = at o. uss sae (46) 
From (50), we have, 
(a + 2) (y + u) = —1. 
Put g+2z=coté, 
then, y +u= —tand 
and t=ert+ytzt wu = cote — tand 
= 2 cot 20. F oso (81) 


Adding (43) and (45), we get, 
e+e? = %tytu, 
an (a + 2)? + (2 — 2)? = 4a + Ay + wv). 











oe (2 — z)? = 4a —2tan@ —cot?9. ... (82) 
Similarly (y —u)? = 4a + Acot@ —tan?@. ... (83) 
(43) — (44) gives 22? — 2? = y— 4a; 
squaring, (a — 2)? (2 + 2)? = (y—u)?. 
AY ee a he ell 2 
(x + 2)? 1 — (x + 2)? 
_ cot? @ — tan’? @ + 2 (cot © + tan @) 
cot? @-—1 : 
from (82) and (83), 
= sec? 9 (1 + tan 20). wer (04) 
Similarly, (y— «)? = cosec’@ (1 + tan 20). »28° 2 (85) 
Since 2a+2z=cotO, andy tu = —tan9, 
we get from (84) and (85). ar 
on = cot@ + secO@ V1 + tan20, si.0(86) 
Qy = — tan @ + cosec@ V1 + tan 20, Be ttsy se 
9: = cot @ — sec O V1 + tan 20, ..- (88) 
Ou = —tan@ — cosec 0 V1 + tan.20, we (89) 


t 
= 4 ae 
where 7) 5 cot oY 


152 M. Bhimasena Rao. 


and from (82) and (84), 
4a = 2tan@ + cot?@ + sec? O@ (1 + tan 29). (90) 


= —2cotO@+ tan? @+cosec? O (1+tan 28). (91) 
t?+3+ 47°, 


after some transformations. 


The change from 2 to y, y to z, etc. is equivalent to changing 


Bats (0 = t) _ With the aid of (90) and (91), it ie easy to verify that 


the above values of a, y, z, w do actually satisfy the relations 
7=aty, yY=at», etc; 

the values obtained in (67), (68), (69) and (70) are not equally of verifica- 
tion. 

8. Let us now consider the cyclic quintic 

f(E) = ° — tb" + po bo — peak? +m E—p, = 0, «2 (99) 
whose roots are 2, y, z, w and v satisfying the relations 
ee =aty 
y =atsz 
e2=atu nee poo AGA) 
atv 
a ee, 


S 
ll 


S 
II 


Adding these we have 
§9 = 5a + t. eee eee (94) 


Multiplying them by 2, y, z, wu, v, and adding 
we get 85 FP Gb dn oh pS st’ (86) 
where / stands for the cyclic expression 
ay + ys + cw + uv + ve. 
Squaring each and adding, 
84 = 8 + Qat + 5a? 
= 5a? + 5a + t (Qa + 1). sta. (96) 


Again squaring each, multiplying by 2, y, 2, &, v, and adding 
we obtain 
s5 = a®t + Qal + y?e2 + ay + u2s + o%y + ota 
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Multiplying (93) by », 2, y, 2, u and adding, 
we have, yee t e8y + u®s + on + 22 = at + m, 
where m denotes the cyclic expression 
we + yu + cv + ue + oy, 
nf 85 = a*t + at + Qal +m. ... Peed) 
Evidently, 1 + m = po. 
’ From the values of sg, ss, s4, ss, we find, 
Ing = #2? —t—bda ... 2: a we» (98) 
Bps = t®? — 3¢7 — 18at + 21 LP P Pee 14") 
24p4, = t*—6t5—¢#? (22a—3) + #(18a—6) + 15a (3a—2) + Sit. (100) 
120p; = ¢°—10t*—15t° (Qa—1)+ ¢? (70a—18) + ¢ (149a?—126a—12) 
— 60a + 1(20¢7,\— 20¢ — 52a — 24). ... (101) 
We have now expressed the co-efficients of the cyclic quintic (92) 
in terms of a,¢ andl. From the relation, 
f (2? — a) = — fF (€). f(— &), 
we find two linear relations among the co-efficients of the quintic by 
proceeding asin §3 and §6. These are 
(1 + 8a + a?) + ¢(1 + Qa) + yp, (1 + a) + py + ps = 0, «- (102) 
and (a + Qa?) + t(a + a7) + apo + aps + ps = 1. « (108) 


Substituting in (102), (103) the values of pg, py, Pa, Ps, We get 
81 (1+ t) + t4—2t2-+ ¢? (3—10a) + t(2a+6) + 9a*—18a+ 24=0, (104) 
and 41 (5¢2 — 5 —3u—6) + ¢° — 10¢* + t°(15 — 10a) + ¢7(70a — 18) 
+ ¢(9a2 — 66a — 12) — 60 (a? —at+2)=0.... (105) 


Eliminating J from (104) and (105), we obtain the following relation 
between a and ¢ :— 

9a? — a? (1942 + 17¢ + 40) + a (11é* + 1829 + 1927 + 24¢ + 28) 

= 49+ ¢5 + 3¢4 + 1143 + 444? + 39¢ + 32. ... (106) 


The calculations are tedious, and it does not appear that the 
result (106) can be obtained by a shorter process. When a is zero, the 


20 
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expre:sion on the right-hand side of (106) vanishes, as shown otherwise 
by Mr. M. T. Naraniengar in the discussion of the cyclotomic equation,* 
gt — 2 
x—l 
As a further verification, take a = 2; the six sets of values of 2, ¥.25%,U 
‘are easily seen to be, 





=A 0. 


on 4a 8a 1677 , 027 
Da a es 31° a cos 31 , 20S Gs 2008 ~~ ac 31° 
67r 127 21 4a 347 
yi} Daath Eg al i. 
2-cOs. = — 31° cos“ 2. cos 31° 2008 31° 2008 31° 
107 .- 207 407 187 36 7r 
gi) —_——-. 9, 2 etna. hae * 
2cos 75 Bh cos 31° cos Seer s 7, 2 cos 31° 
Qc om aC Agee eect e a aa 2 S27 a: 
aS Uo saat ts pe Sc i vuceegg. ian amane 
in 107 90 tr 407 l4n 
y re aoe —— 
cos 33 acon =o 33° , 2cos 33° 2 cos 33° cos 33? 
on 4nr Sor 167 107 
2 er — ——. oe 
cos 1? cos il’ 2 cos ? 2.COS8 3 ul? 2 cos ll 


The result of (106) now reduces to 
(¢2 + 2? —10¢—8) (42 —t—8) (¢ + 1) t = 


The first factor correspons to the first three sets of values in (107) 
the second factor to th: next two sets, and the third factor to the last set 





ee 


* A special class of Equations ; J, 1 M.S., Vol., VIi, page’84, Resuit Il! 
{ Ibid, Result II. F 


‘On Borel’s Method for Double Series’* 
| By V. THIRUVENKATACHARYA, M.A, L-T. 


PART I 


1. This paper is a continuation of my article on Summable Double 
Series contributed to the Fourth Mathematical Conference, the immediate 
object here being to extend Borel’s method to Double Series (Part I) 
and to express the sums of certain double series in terms of the Ber- 
noullian and Eulerean numbers (Part II). For example, it is proved in 


the course of the paper that 
92s+2 i 


where B+: is the (s + Uth Bernoullian number, 
2. Borel’s definition of the sum of a Summable Double Series :— 
Let us write Seg = Ugg + Une Una heen Uy 
+ Urot Ur tUyst oe FU 
+ + + 
Se orks te Ue. 


and let us consider the expression 
2 o m n 
29 < [ew = >> Serie y ] t 
Oz Oy 0 0 mo! n! 
n 


oo 00 lay 
mg 3 > 2 {Sas — Satua— Sanit a Pm,n f m! n! 


1,n 











0 0 
=e > SU ataveS Sasa os U(erglie ere ade 
: 0 On eT At. onl nl Ox Oy 


* Contributed to the Science Congress held at Bombay, 1926. 


Sm n ay | =e * 2 U(a, y) | 


m! n! 





+ Either 2 [eo 


re = [ e-- 


will lead to the same result, 


oMs 
oMs 


D i 0 
> n ta =m 6. a! a ( ’ ) 
~ Sn, | e dy Ulay 


m! n! 


coMs 
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Integrating (2.1) with respect to # and y between the limits 0 to a 


and 0 to y respectively, we have 











eo arr a” y” —2z S “” ee oe, Cc 
FF Sm mb" = Siny0 nil é = So,» “Tt Foo 
-ff- 7a ot fe 925 U(a, y) dx dy. wee (2.2) 
Oz dy 
0 
co oo 
| 32 
But it has been shown already* that f J aRee Ua U (a, y) da dy 
0 6 4 
is associated with S S fam 


Therefore, we see that if 8 s U,,.» is summable, then the double 
limit 
os) m,n a 
lim [«- & Den im ee ea oa Sms 0 > 
2 CO 0 $ 0 ! 
yao 
a y” 
— e ~ 0 a + So | (2.3) 
exists and is equal to 8 8 Unme n. 


Now (2.3) is equal to 





eS 2 amy” fe 2” 
lim e > by Sing n — lim é > Sn, 0 — 
LP | ape! m\ n! Fe led m! 
y> foe) 
— lim e 4 > Soy n + Uo, 0. 
yr © % = 


From the properties of Single Summable Series,t it follows that 


lim e* > Sm. =] = g. 
m | a0 


2s 2 m=0 

Dn n n= 

and lit, 677. a Ot, 8 ba = S,, 
Tilia ‘ ni n=0 








* Vide Summable Double Series, “journal of the Indian Mat : 
Society,” Vol. XV, p. 248. athematical 


+ Vide Bromwich, page 268, article 99. 
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m=O n= 


It has been shown already* that if S De) eeand g U,.0 
0 s 


m=1 n=0 ay 
are both summable, then 8 8 U,,, is summable. It is quite easy to 


. . . . a a a 
show in a similar manner that if S S U,,,, and S U,, 4 are both sum- 
ee ; 0 : 


mable, 8 8 U,,,, is summable. If in addition to this, 8 is 


8 


summable, then 8 8 is also summable 


@ m,n 

lim? @ 7 #3, 3 om. 

p= Cp Oent San) a! 
yr © 


oe S 8 Oe. 10 8 Uo, » ay S U,,,0 — Uo, o 
= § § U,.,. af vee (9,4) 
0 0 2 
We have now arrived at the analogue of Borel’s for a double series 
and established that the sum 8 8 Um,» is given by the first member of 
(2.4). ‘ 


Let us take for example :— 
S=1—t#+#@—# +. 
—t+e—-4+ #4 
+ #—2+tt—?e 





ae 0 BD 
: 1 sit ae ys nt i (a —)e aH 4 ee Jorn pmtnt2 
Then 5.7 a+) Ae Sa 
Pe $ > Sm n cae = ere f att ihe tte, et: Ponseat } 
n=027=0 m:n! 
(2.6) 
BB Fae peer cbs S ie OWE eee cul any spe og! 
a ah rfS'S S252 | (1 + 4)?’ ta : 
pce 
S= aaa EL ve (27) 


As special cases, let t=1 and 2 respectively in (2.5): then we have 
J=1—1+1—1+ 

ee eh kere Ge ee 

+1—it+1-—1 


ay M.S., Vol. XV, ry 
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and 
j= 1—24+ 9?—98+ 
—2+ 9?— 98 + ot — 
+ 99 — 93 + a4 95 + 


agreeing with the results obtained in J. J. U.S, Vol. XV, page 229. 


PART: 

3. Uniform Summability, Differentiation and Integration of 
Summable Double Serves :—Let us suppose that the terms of a Sum- 
mable Double Series are functions of two variables 9 and ¢ (or only 
of one variable 9, which is only a special case of the previous one), so 
that we may write 


> S Unyn (9, $) = a3 U(a, Y; 8, p). 


mi! »! 
We can now say that ig 8, Um. 2 (0, H) is uniformly summable with 
respect to 9 and ¢ in the region a < 9 << & and Y < ¢ < 8 provided 
that the integra] of, S e "9 U(a, y; 0) f) dz dy converges uniformly 
in the region. 


As a special case we can extend Weirstrass’s M test to the double 
integral and state that the double series is uniformly summable if we can 
find a positive function M (w, y) independent of @ and ¢ such that 

U(a. y3 0, 6) < MQ, y), if a< O< 8 and y<g<6B, 


d @ 
and ve "e e-*- M (a. y) dedy 
is convergent and satisfies de la Vallee Poussin’s conditions. 


For, in that case, we can choose p and gq independent of 9 and p 
so that 


D 


JS e*-¥ M (a, y) dady <€. 


“Ss 


e "9 Ul(a,y; 9, p) dx d 


oS 


) 
1s 
p 


ray 


=. 


3S 8 
as 8 


e@*Y M(z,y) dedy<e 


J i e*Y U(a, y; 9, p) dx dy 
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converge uniformly, and therefore S S Um» (9, p) is uniformly sum- 
0 0 


mable in the region a < 0 < 8 and y < HE Reey 


THEOREM (A): [f all the terms Um, n (9, $) are continuous and 

the double sertes 

S Ny man 

SS Um" (0, $) 
is uniformly swmmable and 

*! pedo) m! a! 

sattgfies Pringshiem’s conditions and is uniformly convergent for all 
finite nalees of xand yfora<@< Bandy < $ < 5, the equation 


§ © oo BB 
f F358 Uno(0, $) dO dd = Pe fy ue (9, fp) dO d¢ 
wrll ‘ no EE a are ead 
For 
B § am Bo eG) con co 
SS SS Umn (0, fp) dOdpP=SSf SS e-7-4U (2,4; 6. d) 
a y Ov a y O 0 de dy d9 dd 
© &) 8 
=S fe*V*dcdyS S Ula, y; 9, $) d0dg* 
0 U a Yy 





@ D 
* Since [ 12 e ” 4 U(x, y; 0, 6) dx dy is convergent uniformly and 
0 0 


satisfies de la Vallee Poussin's conditions, M and N can be chosen so that for all 


values of # > M and for all values of g > N 


| SS P79: 6,¢) dx dy | <€. 


Pp 


e7-¥ U (x,y; 0,¢) dx dy d0de | << & (8 — a) (3— Y). 


ts ce 
em es 


e 74 U (x, »; 0, ¢) dx dy dé dz 


PL As 


4 
f 


Pal ff Ue: 6,6) d0d¢ dx dy 


0 #0 
as the limits of integration are finite constants. Now make # and q tend to «, 


Then 


fase om RB 8 @ o ow B 8 
or, es 1 EA Sead Sil RAS fies 
SS ff ir P 9 O O08 a Y 
I= 
As the limit tends to zero, the required result is obtained. 
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on account of the uniform convergency of the integral. 





B § B § wo @ 
Now S S U(2z,y;0¢)d0ddZ= SS ZZ 
aay, Aaa y aiOy 6 
=S5 SSO (0, ¢) © do ag* 
0 0 a y ads See m! n! 


since U («,!y; ®, ¢) is uniformly convergent for all finite values of 
rand y and satisfies Pringshiem’s conditions. 


The first member of (3.1) 


rile ae YdedyZZSSU (8, p) | 10 dd 
oan B § 

mS 8 Sela a (Ord) 10d oo sea a 
OOP RoC eay 


* Since U (x. y; 6, 4) is uniformly convergent for all finite values of x and y 
and satisfies Pringshiem’s conditions, we have 








> > Un, » = | 
j I ah : 


irrespective of the order of summation 





Sly as» (9; p= 10 ag 


Peg 


< ¢(8—a) (5—y). 





We have also that corresponding to a given ¢, # aad g may be chosen that 





p—1q—1 m,n 
U (9213, 024). E. E Un, (0, d) aah 
OunkO m! n! 


Pe 
SS Ulery; 1 4) d0 dp — 





z Sy te » (9. 4) =v d0 ap |<e@—aS—y 
| Sf Uley; 0, 9) 00g — 

ot 8 . 

TESS Umn @, ) =e d® ag| < % (8—a)(S—Yy). 
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pee (B): If the same conditions as in Theorem (A) apply to 
RY: Usn (0, $) then the equation 


Nay re 
90 8 o Umn (0, d) = 8 b 56 Um (0, dp) 


co) 
S 
0 


oMs 
Q 


will be true. 
The proof follows as in Theorem (A). 


2 @ 
4. Let us consider the double series 9 8 ay”, where # and y are 
; Q 


complex numbers of absolute value not lessthan unity. It follows easily 
that 


om o @ 1 
S S Mn = —t—p ict, yt eg ee ee 
OG eo {f° a tates (1 — 2) (1 — y)’ 


and hence it is inferred that the integral for 8 S 2”y” will converge 
0 


uniformly and the double series isa uniformly summable series and is 
continuous in # and y so long as R (2) and R (y) are each less than 
unity. 


If we put 2 = e? and y= at we find that 


bea Sis 
Verag 7 


= ht? ment, oy", 


oO r+ 
Thus the integral function associated with 8 8 50° D0: a”"y" is 
; 2) a) (wt)™ (yp”) 
ee ey epee el P siete 
Ur, s (xt, yp) a = = mn leat 
Now m* = m(m—1) ... (m—r + 1) + m(m—1)) Ay 
Sm € Pe) otlisse he i Ar —1 
né = n(n—1) ... (n—s HI + "%n—DB, 
we (n—s tat ... ” Be~1. 
jres $ $ m*n* DE ah 
m=0 n=0 m! n! 
= tte t oP [ (xt) + Ay (at) ... ... + A,—-1 et] 
X [Cyp)* + By (yp)! + wee one Bs-1 yp]. (4.1) 


AES ae ae [ « + [Ay [t! +...+ Arr) | 


and 


x [ + (B,| p*- aye te Bealp | 


21 
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S if e*-? Uy,» (xt, yp) dt dp 
ff gt: 6) ,—P (1—cos¢) 


[ ¢ eee PAg 4] €4 [ p* aes: wile |Be-1| p] dp at 


and this converges uniformly it cos? < (l1— a) and cos¢ S (1 —8) 


where a and b are positive quantities however small. 


5. Let us apply the results of the previous articles to some of the 
double series of which the sums have been already found. 


(i) Now s 8 (—)™'" sin(m + n) @ = 3 tan A 


It has been shown in article 4, that the double series* on the left- 
hand side is uniformly summable and the derivatives of the same are 
also uniformly summable, and therefore it can be differentiated any 
number of times witb respect to @. 


8s 8 (—)™*" sin(m + n) ® = 4 tan 4 


_8—1 or + 21 


a ed Fe aps O ie em eee (Old 





if 9 is not an odd multiple ot 7r. 
Differentiating this 2s -—- 1 times and putting 9 = 0, we have 


jC 128-1 + 92s—1 ae 328-1 + F 





a 128-1 + g2s-1 ox 328-1 + 428-1 ae tee f 819% __ 1 
+ Fh ied Bae 37-1 + 4°s-] POY i a. + ae = = Qs . (5.2) 
; sec 9 - 
Again 4. 0080 —Cbes cos bps aan). ate 8) 


—cos30 + cos50 —cos70 + : 
+ cos59 —cos7@ + cos 9A 
ae Efe OT ae 





a 
Se 
——$$____ 


— 


* This is a special case of S S xmyn when x=y 
00 
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Expanding sec 9 as a power series in 9 and differentiating both 
sides of (5.3) and putting 9 = 0, we have 


4(—)) Ey = 1% 3" +5" 2) (5.4) 
— 9 +547 
WO — Te Ge 
~— + an WORMS oe 
This is an extension of Cesaro’s result to Double Series. 
(ii) From the identity 


4 {cos(mg + np) + cos(mO + ng) } = cosmO cosn¢d, 
we can get easily that 


co © 
S 8 cosm@ cosng = rt 
0 


This double series as well as its derivatives with respect to 9 and ¢ are 
uniformly summable. We can therefore differentiate the double series 
with respect to @ and ¢ any number of times. 


ao ® 


re S S mn?” cos m@ = 0 eee eee (5.5) 
and S 9 m**1,?"+1 sinm) sinngd = 0, w»- . (5,6) 
0 0 


provided that @ and ¢ are not multiples of 27. 


q Tl. 

Put @ = mand ¢ = 7 in (5.5) and 96 = ¢ =~) in (6.6). Then 
re g (—)™*" m2 no ses 0, 
0 0 


S 8 (—)™t" (2m + D3 Qn + +H = 0... 6.0) 
0 0 


> 


and 


6. Asan instance of integration, take the series 


wo sec 9 
5 SsinQm + n+ lO = ra ae we (6.1) 
0 0 





where 0 < 9 < 7. 
Integrate this between the limits 9 to 7 
» ® cos(8m + In + 1A 
"4 : Om + In + 1 

< 7. 


] 
= } log cot (6.2) 


ry i 
if 0< 9 


The Algebraic (2,2) Correspondence. 
By Dr. R. VAIDYANATHASWAMY. 


[This paper is mainly 2 presentation in connected form of the 
jeading properties of the (2,2) correspondence to be found ina pamphlet 
printed and circulated privately by the author about six yearsago. In 
the light of the copious literature on this subject, the special features of 
this work appear to be :— 

(1) the method of deriving the algebraic properties of the corre- 
spondence from its normal form, 
(2) the parametric treatment of Poncelet’s Theorem, 
and (8) the explicit use of the operational calculus for the (2,2) 
correspondence. 


Historically one may distinguish three main aspects in which the 
Subject has been approached. The first relates to the addition-formula 
of elliptic functions, the second to the Poncelet porism of polygons 
which are inscribed in one conic and circumscribed to another. These 
two aspects merge into one another in the work of Jacobi, Cayley, Clifford, 
Halphen, and several later writers; on the other hand, there have also 
been noteworthy contributions of a purely algebraic character to the 
theory of Poncelet polygons. The third aspect is the More modern 
one of Invyariant-theory. 


The following memoirs might be profitably consulted in Bi 
to the topics of this paper :— 
(a) Algebraic view-point. 

(1) M. Maurice Fouché: Sur la transformation doublement 
quadratique, les polygones de Poncelet, et Vinvolution 
multiple. Bull. Soc. Math de la France, Vol. 44, 

1916. 
(2) K. Rohn. Das Schliessungsproblem von Poncelet und 


eine gewtsse Erweiterung: Bericht. Ver. K. S. Ges. 
der Wiss. zu Leipzig, 60-61, 1908—1909, page 94, 


In the latter a recurrence formula for the closure conditions 
for two conics is obtained, in a more useful form than in Halphen 
? 
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Tratte des Fonctions Elliptiques Tome IT, and several properties of the 
closuye invariants are derived by ingenious geometrical reasoning. While 
finding the order of the closure condi'ion, the author bowever fails to 
find an expression for the order of the reduced closure condition, namely, 
the condition that a conic may be inscr’bed to a proper r-gon inscribed 
in a given conic; this latter order is found in the present paper as ‘ the 
number of distinct special rth roots of the identical transformation.’ The 
only reference to this order that I know of, in the literature, occurs in a 
Presidential Address of Prof. H. S. White, where he mentions the 
correct result, without indicating any references* 

There is also an elementary treatment of Poncelet polygons by 
means of the (2,2) correspondence in Darboux, Princtpes des Gleometrie 
Analytique. 

(b) For the Invariant-geometric view-point, the following should 
be ccnsulted : 

(1) E. Kasner: Invariant-theory of the Inversion roup. 
Trans. Am. Math. Soc, Vol. 1, 1900. 

(2) H. W. Turnball: Geometrical Interpretation of the 
complete system of the (2,2) Form: Proc. Roy. Soc. of 
Edin., 1924. 

(3) R. Vaidyanathaswamy: On the Rank of the Double- 
binary Form. Proc. Lond. Math. Soc. Ser. 2, Vol. 24, 

(4) H.-W. Turnbull : Double-binary Forms IV: Proc. Edin 
Math. Soc. 1923-4, Part II. 

The normal torm which is fundamental in this paper is shewn in ( ) 
to hold for double-binary forms of higher order as well. The paper (1) 
of E. Kasner is of great importance as it presents the several aspects of 
the subject in mutual relation to one another. 

The ‘ product’ and ‘sum’ of two correspondences, and the rules 
for the related calculus will be found in Severi-Liffler, Verlesungen “ber 
algebraische Geometrte, page 170. The product and sum are aaa 
for the purpos:s of the present paper by the symbols @ ae x, Sead 
ot as usual, by X and +. By tbis change of notation, we keep in touc 
with the algebraic definition. Thus if two correspondences Cy, Cz 
between two binary domains (e) and (y) are defined by 

Cy (a, g) =U 
Saleen) PR Dit ue hei leat eu 
* (Science, Feb. 4, 1916, pp- 149-158). 
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then the sum of the correspondences, which is symbolised in our notation 
by Cy X C,, is also defined algebraically by the equation 


Cy (z, y) X Ca (x, y) = 9. 
The algebraic process corresponding to the symbol @ is an elimination. 


Reduction of the double-binary Quadratic 


1. The general double-binary quadratic may be written 
F (zy) = Lay? + 2M 240q + N 2q? 


where L, M, N are binary quadratics in y)%g- 


The variables x, y occurring here are to be supposed quite independ- 
ent. We have first to inquire whether there exist linear transformations 
of x, y respectively which transform F (ay) into a multiple of itself. 


Consider a binary form (aox," + a,a3""".aq + ... + a"%o") and 
suppose #)%9 to be subjected to a linear transformation 5. The set of 
quantities (7,”, 2,"—' ag, -+-, @”) will thereby be subjected to a linear 
transformation 9’ and the set (agua; ... ax) which is contragredient to 
the set (a", #3""' @» ..., 2%”) will be subjected to a transformation 9” 
which is the conjugate of tne inverse of 8’. It is obvious of course that 
8” is not the most general transformation of the a’s. The condition that 
- given transformation of the a’s may bea transformation 9”, that is may 
be derivable trom a linear transformation of a2,, is given by the 
following Theorem ;— 


Any linear transformation of the co-efficients of a binary form 
which keeps the discriminant of the form invariant ¢s equivalent 
to a linear transformation of the vardables,* 


The easiest proot of this theorem is by a geometrical representation, 
Let the form aoa," + a,2;""" 2 + ... be represented by the point whose 
homogenous co-ordinates are (apa, ... a,) in S,, 4 space of m dimensions. 
The forms which are perfect mth powers will then correspond to points 
on a rational norm curve L‘ in S,. The discriminant of the form will 








* This theorem will occupy an important place in the theory (due to 
Hurwitz, Math Ann. Bd. 45, p. 381) of the transformations on the co-efficients 
of a form, which are ‘induced’ by linear transformations on the variables - th 
concept of such ‘induced’ tranformations is fundamental in the invaria t : 
theory of forms ; see, for instance, Weitzenbuck Invarianten-theorie, p, § — 

Ve 
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correspond to the locus A generated by the osculating sub-planes 
or (n — 2) flats of I’. We notice that Tis related to A in an intrinsic 
geometric way—somewhat in the same way as the cusvidal edge is 
related to a developable in three dimensions. Hence any transformation 
of A into itself must transform I’ into itself. Thus any linear trans- 
formation of the a’s which keeps the discriminant invariant, must 
transform perfect powers into perfect powers and is therefore equivalent 
to a linear transformation of the variables. 


To apply this theorem to the double quadratic F (xy): denote its 
y-discriminant and xz-discriminant by ay ey respectively, so that 
8, = LN — M?; and denote the apolar quadratic factors of the ¢extic 
co-variants of 5., 8, by (Px Oz Re), (P’y Q’y R’y) respectively. There 
are three invalutoric transformations I’;, I's, I’s of y which transform 
5, into a multiple of itself ; namely, these are the transformations 


E dP’, 
. pe Ory 
(i) i gelar rs 
a dP'y 
y 2 dy, 


and two others formed similarly from Q’,, R’y. These transformations 
I’, Val’s of y give rise therefore to linear transformations of L, M, N 
which keep the discriminant 8, invariant ; and hence (by the theorem) are 
equivalent to certain linear transformations I,I,I3 of « Moreover 
these are the only linear transformations of y which have this property. 
Reversing this argument, we see that I,I,Ig must be the involutoric 
transformations derived in the same way from P»Q.sR. in some order 
say, in the order PsQsR», as V/iI/.I/3 from P’yQ’yR’y. If = denote 
equality except tor a constant factor, we see then 
F(z, py) = F(lr @, y) 

or, in other words F (2, y) = F(l-2, ly) (r = 1, 2, 3). 

Thus F admitsa dihedral group (composed of identity and three 
3) of simultaneous transformations of # andy. On 


operations of orde= ek 
’,) will be termed ‘the group involutions 


this account, (I, 1,13 I’: 1’e1 : : 
and (POR P’Q/R’) ‘the group quadratics’ of F. Also quartics belonging 
to the standard pencils* of S.,, Oy will be called a- and y- standard 


quartics. 

* If f be any quartic and H its Hessian, the pencil Af + ier be a 
veniently termed ‘a standard pencil,’ In other words, a standard pencil o 
quartics would be a pencil which contains three perfect squares. 
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The discriminant quartics 52, Sy will themselves be called ° branch 
guartics’ of F. 
The theorem F(zy) = F (Ira, I’y), is evidently equivalent to the 
statement : 
The «-eliminant of F (xy) and any standard &-quartic is the 
product of two standard y-quart«cs; and vice versa. 


In other words, F, regarded as a transformation in accordance with 
the equation F(#y) = 0, not only transforms each into two y’s but 
also each standard 2-quartette into two standard y-quartettes. 


As a particular case, the eliminant of F (xy) and 8. is the square of 
a standard y-quartic Since P? is a standard a-quartic, we have 
as another particular case: The eliminant of F(#y) and P, is a standard 
y-quartic. By using the theorem F (zy) = F (1,2, I’; y), we can 
see that the eliminant of F (zy) and a linear factor of Pz is a quadratic 
apolar to the associated group quadratic P’y. 


2. Writing the equation F (zy) = F(I, 2, I.’ y) as an identity 
F(a, y) = Ky. F (i, Ly, As y) 


it is easy to see that K; isa function of the determinants of I+ and I’, 
only. Hence if F(a, y) and (wz, y) admit the same pairs of group- 
involutions, so does [X F (a, y) + “ f(x, y)]. In other words, the family 
of double-quadratic forms which have given pairs of growp-quadratics 
(P, P’), (Q, Q’), (R, BR’) és a linear family. 


To determine the number of parameters in this family, suppose 
F(z, y) is known to admit the group-involutions Iy, I’;. Transform 
(x, y) to new variables (X, Y) in such wise that I, I’, take the form: 


rhe aa lds ELA Y, = Y's 
“GANUXS SX 0G le aN Ge 
2 1 2 1 


Let F (ay) become F/(XY). Then the equation 
BUX Y) Sati oe as V1 


shows that the matrix of F’ has to be symmetric about the non-leading 
diagonal: this gives three linear equations between the co-efficients of F. 
Similarly we obtain three more linear equations from the involutions 
Is, I’ge The third set Is, I’, gives no new equations, since it is merely 
the operational product of the first two sets. 
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Notes and Questions. 


On the Signs of Terms in a Determinant. 


Prof. Purushotham’s Note entitled ‘A new Rule for the Expansion 
of a Determinant,’ which appeared in the last number of this Journal, 
raises the question as to what really, in practice, is the most economical 
method of reckoning the sign of any assigned term in a determinant 

|a,,1. The only principle which appears to have been utilised for 
this purpose is one which is nearly as old as the Theory of Determinants, 
namely, that the sign of any term Qip Aap, °* Gy is plus or minus, 


according as the number of inversions in the permutation (p, po. p,) is 
even or odd. For an elaborate discussion of this principle, and the 
consequent rules for determining the sign, refer2nce may be made to the 
chapters on ‘the affect of sequences’ in the first volume of Cullis: 


Matrices and Determinotds. 


Ic is well-known that the number of transpositions (or simple 
interchanges of two symbols) necessary to pass from the funda- 
mental permutation (12 ... ) to (p; pg... p,) is either always odd or 
always even; the permutation (p; p, -.. p,) is said to be of odd or even 
class in the two cases. Now, it is clear that this number of transposi - 
tions is indeterminate (except for remaining always odd or always even), 
and has no superior limit; it is equally clear that it must have an 
inferior limit. It can be shewn that the least number of trunsposttions 
by means of which we can pass from (12 ... m) to (py py ++ p,) is equal to 
the number of inversions tn the latter.” We can conclude from this, that 
of all rules for the signs of terms, in which the procedure is the counting 
of individual transpositions, the shortest is the usual rule which counts 
the number of inversions—which is also the rule mentioned in Prof. Puru- 
shottam’s note. But though itis the shortest, it can hardly be called short, 
as it involves 3n (n —j) examinations or separate mental acts. A better 
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Rule can be stated which does not proceed by counting transposi- 
tions. 
THEOREM I, Acyclic permutation on 7 letters is of even or odd 


class according as r — 1 is even or odd. 


Proof: The number of inversions in the permutauon (23...r1) of 


(123...7) is directly seen to be r— 1. 


THEOREM II. If the permutation (p, po... p,) Of (12 . n) can 
be decomposed into k cyclic permutations,* then it is of even or odd 
class, according as (m — k) is even or odd. 


Proof: Let the k cyclic components involve respectively 13, fo, «+ 7, 
symbols, so that r; + 7g +... + 7r,= mn. Itisclear that the r, letters 
involved in any of these cyclic permutations can be restored within the 
permutation (p, pg ..- p,) to their natural order by means of r, — 1 
transpositions (Th. I.). Thus, we can pass from (p, pg --- p,) to(12... n) 
by 2 (r, —1) =(n—k) transpositions, which proves the theorem. 


The rule to be enunciated is an immediate consequence of this 
theorem. We may state the rule in two forms. 


Rule I. Write down any term of the determinant |a,,|. 
Begin by striking out any one of the n elements in the term: say, the 
element a,,- Next strike out that element in the term whose first suffix 
iS q: Suppose itis a,,. Next strike out the element whose first suffix 
is r. Proceeding in this way, one is bound sooner or later to return to 
the element a,, Which was struck out first. As soon as this happens, 
count one. Then begin by striking out any of the remaining elements, 
and proceed similarly till an element already struck out is reached 
again then count two; and so on. If the number :hus counted is & when 
all the elements have been struck out, the sign of the term is (— ag 


We may notice that any diagonal element (of the type 
may be present in the term, contributes nothing to the sign of 


a,,) which 
the term. 








* Such a decomposition into cyclic permut 
instance, Burnside: Theory of Groups, page 2 
every symbol which remains in its original place, 
permutation (on ove symbol). 


ations is unique, See, for 
The Theorem is true only if 
is also counted as a cyclic 


. 
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Accordingly such elements may be struck out initially, and the process 
carried out for the remaining elements, provided the value of n is 
reduced by the number of elements so struck out. 


RULE IJ. Mark the elements of any assigned term in the 
determinant itself. Begin by ticking off any row; then take 
the marked element in this row and proceed upwards or 
downwards along its column till a diagonal element is reached, and 
tick the row of this diagonal element. Similarly take the column of the 
marked element in this row, and tick the row of the diagonal element 
which it contains. Proceed ir this wise tilla row already ticked is 
reached; then count one. Begin again by ticking any of the rows 
which remain unticked, and proceed similarly till a row already ticked 
is reached, then count two, and so on, till all the rows have been ticked. 
Let the final result of the counting be /&; the sign of the term is then 
ees 

The only counting involved in this rule is that of the number &, 
which is necessarily less than n, and usually a small number. It is 
clear therefore that the net labour involved would be considerably less 
than in the counting of inversions. 


R. VAIDYANATHASAWMY. 


Some Results involving Prime Numbers. 

1. Results involving primes only, are comparatively small in 
number. In the Quarterly Journal of Mathematics (Vols. 27 and 28) 
Glaisher has elaborated results obtained by Rogel (Hd. Times Reprint, 
Vol. LV, p. 66). Prof. Hallberg in the first of a series of papers 
(J.I.M.S., Vol. IX) has given a very elegant result involving primes only. 


9. The following results may be found interesting :— 


(i) Consider the identity 


7 ey de 
at S, =atatgtat-- ote 
Me ee ee 
1, 1 , 1 si 
(daa! (1 ga] ( 15s) 
where 2, 3, 5 ... «. . are the prime numbers 


This is obviously rewritten as under :— 


1 eae! 1 1 / 
Samet StH (1-H) St 5s (1—g ) (1-H )s. 


(eee 1 1 
ta(i—y) (1-3) G-A)s.+.. eve 
since on transposition and simplification this reduces to 
1 i 1 
S» | L— oa )( 1—% }[ 1—4) oo. I], 
Hence we have 








Se tae (5? — 1) 


92 3? 92 3? 5? 9? 37.5" Le eee 
= seal 6 
Say ay 3? (1) 
(ii) Generally 
c 
1 924-1 B Qn 
Sen = SE a 
> ag (Qn) | 
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where Bz is the nth Bernoullian number and the general result corres- 
ponding to (1) is 








Ay 1, 1) G% = 1) | *—) B*= =D 














92a gen 32n 92" 32" 52h 27,.32".5 pin 7a +... 
1 (Qn)! _ 
=l1— S, =j\— 9 i B, man Ae 3 ta) 


*n which primes only occur. 


(iii) The last result, may also be written: 


1, 3"—1 | (8% —1) (5"—1) , (8"—1) (6"%—1) (7*—1D 
32 32" 5 32n : 5” qe 32" 5 ; qn 11 








2 (2n) ! 
G—)Ban® 


where 3, 5, 7, 11, 18, 17, 19, etc. are all the odd pr'mes. 





+... =1— (3) 


These series are obviously convergent. 


3. (i) Next take the result: 


cL) Lied, Oh dele g nk 3? Le, 
Oo ore’ a eae ae es (as 
1 ey 1 1 





G+) (-) GHA) Gea)” 
where 3, 5,7 ... are the odd primes. 


Transforming as before, we get 
tye Bd (14) 4 (044)(0-9) 
pee goog eng) hao es 5 


+i (145) (1-5) (1+7)-—+- 


— 15 — 1)(7 + 1) 
4 j bees 3+1)6—1), GB+D6—1 
Saree tS 8 BB + 3.5.1 es 35.711 


(3+16-1) (7+) 1+) 
anes ob. 111 Tete tisen ee = (8) 
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Here it will be noticed that the factors of the numerator in each 
term are of the form p +1 or p—1 according as p is a prime of the 
form 44 + 3 or 44 +1, while the sign of each term as a whole is + or — 
acoording as the last term in the denominator is a prime of the form 
4k+3 or 4k+ 1. 


(ii) In general, 


il 1 1 Bare 
1 — 3241 ot 52ntl ~~ 72nt1 nie Coane Q2n+2 (On)! 





where E, is the uth Eulerian number, and the result corresponding to 
(4) is, 


92+? (In) | povaeet (3241 + 1) 
En "tl aad 32ntl 3 2ntl 5 intl 








(g2"+1 4. 4) (52741 1 | (32441 + 1)(52t! _ 1) (724+1 + 1) 


~ gantl 5 2ntl anti 32ntl jan tl p 72a 1y2r2 


ere i) (Ge) Oy See 
G20. lies) ae aa 

eee cae vee (5) 

The rule of signs enunciat :d above applies to (5) also. 


4. Let %n denote the series * 


1 1 al 3 ; ‘ 
gat 37 4. Be + ... in which primes only occur, and S, 


the series 
c 
I ,itl 1 
target >5 
r=1 
co 
Obviously o,.5,2 \) AG) 
r" ’ 
r=9 


where 2 (r) denotes the number of prime factors of r. 


eve (0) 





a 


* This series has been discussed by Glaisher, Q.J. M., Vol. X¥XV 
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As one Ly AY 
r= 2 
-34 H(t) 3 BXo a (D 
r=1 


where yz (r) = 0 if r has any repeated prime factor, 
= -+ lif r has an even number of dissimilar prime factors, 
=—lifr ,, odd ee xf * 


[ Bromwich : mae of Infinite Sertes, p. 494., Ex. 45. (6) ] 


that is Se -34 Jae S Am rae (s)) 


} ; 1 ; . 
Equating co-efficients of ~, on both sides of this result, we get 
T 


DPN (i) fe ig) | ret or 09 ag rey) 
according as r is or is not a prime, and the summation extends over all 
conjugate divisors of r (such that d,.ds = 7), and (1) is taken to be 
Zero. 


Thus for r = 48, 
>> r (d;) pw (ds) = 


» (48) w(1) + A> (24) (2) + A(16) “(3) + » (12) w (4) 
+ (8) 4(6) + X(6) w(8) + A(4) (12) + r (3) (16) 


+ 2» (2) 4 (24) 
=9—9—1+0+1+04+0+0=0. 








# 9) is obvious if r is a prime for then 
ES rv(dy) (dy = X(r) #0) = 1 
Ifv = m, where m is a prime and k isa + ve integer, 


Say) olde) = %(m*) w (1) + A(m*) wo (m) + 2% (m*—*) x (m*) 
+t Alen) wlme) = 1L—LtEOTO+ ww F0=0.1 
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5. Changing n into 2, 4, 6, 8,10... in (7) and adding by columns, 
we get 
il 1 1 1 1 
oo eto oh ee Lee 


= S(2) + S(4) + S(6)+ S(8)+  «.. (10) 





co fee] 
AS a jw (n) r (n) 
where S(2r) = > tt air. 
n=l n=2 
Similarly, 
1 1 1 1 1 
ORO ELE Caer Pinar PR ESTEE Re LS 
= S(2) — S(4) + S(6) —S(8) + S(10) ~~ +... .. ib), 


From (10) and (1!), we have 


1 | 1 1 1 1 
PG ae, Sa AN He PO GM LSI AT 


= (4) + $(8) + S(12) + S(16) + ... = (19) 





nay 








6. Glaisher has discussed the series on the left side of (10) in one 
of his papers in the Quarterly Journal of Mathematics, (Vols. 25, 27 
and 28’. 
(T'o be continued). 


S. D. S. CHOWLA 


Solutions. 


Questions 636 & 801. 


(S. KRISHNASWAMI AIYANGAR, M.A.) :—If 


co Loe) 
pt n 
Sine > a, — and cose = bs b, ~ 
n! 2 a!’ 
0 0 
(log p)* 
show that a, + a,,; logp + a,45 ee ee 


3 5 
= Oe 
it sere Ae vba Saaery 


and find sine” + e~*). 


(S. KRISHNASWAMI AIYANGAR, M.A) :— 


oo OT 
If 621-3 ¢e—n 
$45) 6% 
and —b, =< 9: 4! + ie eee eve eve 


prove that 
ay (log py? 
(1) a, + a,,, logp + 4,4. ea 
3 5 
= + Fr: -} A Pr 
p—3 31 $5 BIST 


(2) 4 sin (67 + 6“) 
ee) 2 
= > Su, by os 20C, d5,—2 0, toe “F ad, ca 
0 


Solution by N. Sankara Atyar. 
3e 52 
pres Oe 6 
Now sina’ = e°— 3 Ts Bit 


foe) 
i = n! (ea Rai 
U 
showing that «, 1s the same in Q. 636 and Q. 801. 


14 
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2» 
a 


Also cose” = dae aor —— See 


Pea ee 6" 
er eee: on 


showing that ba is also the same in both the questions, except when n = 1. 





Now 
(log »)? 
a, a ae log p oP Dinte 2 ares 
(a—an" 2) 
A ( ea 2h aoe utr \ 
=> (1 31 5! eee e886 $ 
0 
T=cC Te © T= 0c 
(log p)”_ S38" Blog)” | Sh 5” ( log p)* 
r! 3! y! 5! yg! a 
0 iv) 
a done ei oe? 4 ~ e log p eee 
ae pn en yd 
p—s gt Oe er 


Again sin (e* + e—*) = sine’ cose~* + cose” sine” 


co co w co 
a 
= SS SB (ay t os (—a)* St 7 
n! n! n! 
U 0 9 0 


oO 
= 2 > a” / =H Gonna by a inns Oy & ] 
_ on Qn—4!2! AIn—d4! 4! =) 
U 
foe] 


I} 


e” 
2> Bf by + BC, ogg POL te eee sof 


v 


since all the odd powers cancel in the summation 


—— ee 
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Question 1267. 


(RAJANARAYAN) :—Prove that if 


1 1 
e” a z = e” bh 7 then etn me e” + a2 
4 


4 


and conversely. 
Remarks by A. Narasinga Ian. 


There is some mistake in the statement of the question as the result 
is not true. 


Take, for instance any particular value of m The equation 
eee 
” m 
is transcendental in » and has an infinite number of roots n, n, "5 ... 
one of which is, of course m. According to the question all these 
values of » satisfy the second relation 


e” = e”/e"— 1 = a const. as m is fixed. 


Hence @"1 = 68s = a8s = vee one 
l 1 1 
Lut = C8 as ee 8 
n ” nm 
1 2 
.. = tg = Ngee « . which is obviously untrue. 


If the Question be taken to assert the existence of pairs of numbers 
m, » Which: satisfy the 2 relations 


“pets Sa gn e” + e” = et 
m n 


then there is nothing remarkable in it, as we may treat the two equations 
as simultaneous in m and » and solve them. 

Lastly let us see if the result is true if we restrict ourselves to real 
values. Take e™ = 3 





so that m = loge 3 
ey 
ie ese 1.5 
n = loge 1.5 
Hence we should have 
1 1 
as log. 8 dy loge 1.5 
ie ee se eas Oks A 
oF La loge 1.5 loge8 (loge 3) X (log, 1.5)” 


The right side is found on calculation to exceed 1.55 and hence the 
equality cannot hold. 
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Question 1323. 
(B. B. Bact) :—Two circles intersect in A and B and a straight 
line through A cuts the circles in PQ. Prove that the circum-circle 
of the triangle PBQ envelops a cirdioid. 


Solution by M. V. Seshadrz. 


This can be easily proved by inversion. Inverting with respect to 
B and denoting the corresponding inverse points by accented letter we 
have the circles ABP, ABQ and PBQ inverting into straight lines A‘P’, 
A’Q! and P’Q’ and the line APQ into the circle A’B’P’Q’. 

Now the lines A’/P’ and A’Q’ are fixed in position and also the point 
B. By the property of Simson’s lines the feet of the perpendiculars 
from B on A’P’, A’Q’ and P’Q’ are collinear, 7.e. the foot of the perp. 
from B on P’Q’ lies on the line joining the feet of the perps. from B 
on A’P’ and A’Q/ (which isa fixed line). ‘Hence the line P’Q’ envelops 
a parabola with B as focus. Now inverting this property we have in 
the original figure the circle PBQ enveloping a cardioid which is the 
inverse of a parabola with respect to its focus. 


Question 1326, 


(N. DURAIRAJAN) :—If OA, OB, OC are three rods in a plane 
jointed at O, show how to determine the triangle ABC such that the 
radius of the circle ABC is a minimum. 


Solution by the Proposer. 
Let OA, OB, OC be the three rods hinged at O. 
Let OA > OB> OC, 


Now keep OA, OC fixed and move the roe OB, round O. The 


i 
sAC 
circum-radius R of the triangle ABC is ——. 
S n ABC 
Be 
ran RQ 
rs 5 
a 
| Ox rd _| = AY 
\ ne ar 
Ni a al 
© 
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Hence R is a minimum when sinABC is a maximum. The abso- 
lute maximum of sin ABC is unity, when ABC is 90°. In the 
present case, as A is outside and C is inside the circle centre O and 
radius OB, the circle on AC as diameter cuts this circle in two real 
points. Hence the least value of R = 4AC, 


Now AC has its least value hen OA, OC lie are in the same 
direction, and in this case 


R = $(OA— OC). 


Hence the configuration giving the least value of R is such that 
OA, OC are on a line and on the same side of O and the triangle ABC 
is a right-angled triangle having B as a right-angle. 


It is remarkable that this least value of R is independent of OB. 


— ea 
- ~ 


Nils 
\ 23 


ry 


Pt aoe ates 
oe : 
x / 
/ 
xe my 


aoe, 


When A, B, say are kept fixed and C is moved round O, the circle 
on AB as diameter may not cut the circle OC in real points and the points 
at which AB cubtends a maximum or minimum angle are those at which 
the two circles through A. B touch the circle (centre O and radius OC). 
Of these two points(C, C,, say), that one will have to be selected, which 
is such that sin AC,B > sin AC,B, [As the reality of intersection cannot 
be easily determined, the case of OA, OC being fixed is here taken 


for simplifying the argument. 


Questions for Solution 





1419. (S D. CHOwLA):—Prove that: 
G) e& = (1+ tanh) (1+ tanhz,) (1 + tanh zo) ... ad inf., 


where el — % (Ye. +1) +1= 0, and 2, zg are connected 


by a similar relation, and so on. 


, a Bee a Sh 


Ae EY be o>»! ) | 
(1 i sec” 6, =- tan? =) (1 ai sec? 0, zs tan? Oe eee ad, inf. 


where tan 9, = 2 tan O sec O, 


and in general tan 0, = 2 tan 9,-1 sec @,—1. 


1420. (S, D. CHOWLA) :—Evaluate the q series : 
q? . 1 me q® 1 4 me my. 1 
1—q'"1+q’ (1—g*) (1—q*) l+q* § (1—g? (1—g*) 19°)" 1 + g° 
20 
(L —g*) (L— 97) (1 — 91 — 98) 1+ g8 © 7 ot inf. 


where, as usual, log g = — mr k’/k. 





In particular, fnd its value for gq = em* V 1365, 


1491. (SELECTED):-— 


A straight line PORS intersects two confocal ellipses at the points 
P,Q,R,S in order. If the tangents at P and R are perpendicular, prove 
that the tangents at QO and S are also perpendicular. 


i422. (A, NARASINGA Rao) :—Show that if three tangents toa 
tricusp hypocycloid are concurrent, then the three tangents perpendicular 
to these form a triangle whose pedal lines touch the tricusp. 
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1423. (V. RAMASWAMI AlyAR) :—ABCD is a spherical quadri- 
lateral whose sides are supposed rigid and jointed at the corners and in 
which the sums of the opposite sides are equal. If one of the sides be 
held fixed and the quadrilateral deformed on the sphere, show that the 
locus of the éncextre of the quadrilatera! is a small circle whose pole is 
on that side, and whose radius is independent of which particular side is 
held fixed. 


1424. (M. V. RAMAKRISHNAN):—T wo circles intersect at P and Q 
A straight line APB cuts them again at A, B. Then the triangle 
AQB is obviously of given species. 

Prove that 

(1) any straight line connected invariably with the triangle AOB 


touches an ellipse unless it passes throuh Q ; 


(2) and that any circle invariably connected with it envelops a 
limacon 


1495. (M. V. RAMAKRISHNAN) :—If R, Rj, Rg, Rg are the circum- 
radii of the tour similar triangles whose sides touch a circle of radius 
7, show that 


(1) Ry + Rot R3=R, 
(Q) Ro! + Rp + Ret — R= 4 
and (3) that the angles of the triangles are 20, 29, 2y 


so ieee a 


where tana = ; Re + Ro ys? etc. 
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